Abstract. The present paper introduces and studies some new types of rings and ideals such as completely nilary rings ( resp. completely nilary ideals ), weakly nilary ideals. Some properties of each are obtained and some characterizations of each type are given.
Introduction
Let us say that an ideal I in a ring A is completely prime if A/I is a domain. We say I is completely semiprime if for every a ∈ A such that a n ∈ I for some n ∈ N then a ∈ I. For more about semiprime and completely semiprime ideals see [?, p. 66] or [?] respectively.
Let A be a ring and I A. The ideal I is called a (principally) right primary ideal if whenever J and K are (principal) ideals of A with JK ⊆ I, then either J ⊆ I or K n ⊆ I for some positive integer n depending on J and K. The ideal I is called a (principally) nilary ideal if whenever J and K are (principal) ideals of A with JK ⊆ I, then either J m ⊆ I or K n ⊆ I for some positive integers m and n depending on J and K. A is said to be a (principally) right primary ring or (principal) nilary ring if the zero ideal is a (principal) right primary or a (principal) nilary ideal of A, respectively. See [?, Definition 1.1] Throughout this paper, A is a ring, need not be commutative and not necessarily contains identity, unless otherwise stated and now, we introduce the following definitions and giving some examples.
COMPLETELY NILARY
In this section we introduce a new class of rings, called completely nilary ideal. Definition 1.1. We call an ideal I of a ring A a completely nilary ideal if a, b ∈ A with ab ∈ I then a n ∈ I or b m ∈ I for some n, m ∈ N and we call A a completely nilary ring if the zero ideal of A is a completely nilary ideal, equivalently if a, b ∈ A such that ab = 0, then a is nilpotent or b is nilpotent.
These conditions is called completely nilary as their relation to the nilary conditions is the same as the relation between completely prime and prime. See [?] .
Just as a nilpotent ring must be (p-)nilary, note that a nil ring will always be both completely nilary. However nil rings need not be (p-)nilary. Now, we give the following example to establish this fact.
If S and T are two simple nil rings which are not nilpotent(such rings always exist, see [?] ), then A = S ⊕ T is a nil ring, identifying S and T as ideals of A we have ST = 0. Since S and T are simple they are principal and since they are not nilpotent, A is not a p-nilary ring (and hence not a nilary ring), but on the other hand as A is nil, each of its elements is nilpotent, so A is trivially a completely nilary ring. Now, it is the time to give some characterizations of nilary ideals (nilary rings), p-nilary ideals (p-nilary rings) and completely nilary ideals (completely nilary rings).
It is necessary to mention that every prime ring is a nilary ring, since if A is a prime ring and I, J are ideals of A such that IJ = 0 and if I is not nilpotent, then I = 0, so there exists 0 = a ∈ I. Now, for all b ∈ J, we have aAb ⊆ IJ = 0 and as A is a prime ring, we get a = 0 or b = 0 and as a = 0, we have b = 0, so that J = 0 and thus J is nilpotent. Also, it can be shown that completely nilary rings are independent from p-nilary rings and nilary rings. Now, we give the following example to establish this fact.
It is known that Z 2 is a prime ring and one can easily check that M 2×2 [Z 2 ] is also prime and thus it is a nilary ring and hence a p-nilary ring, but it is not a completely nilary ring since if we take I = 1 0 0 0
, then clearly IJ = 0 but neither I is nilpotent nor J. Note that previous example also illustrates that right (left) primary does not imply completely right (left) primary.
Proposition 1.2. Let A be a ring and I A. Then I is a completely prime ideal if and only if I is a completely semiprime and completely nilary ideal.
Proof. (⇒) Clearly.
(⇐) Let a, b ∈ A with ab ∈ I. Since I is a completely nilary ideal, then a n ∈ I or b m ∈ I for some n, m ∈ N. Since I is a completely semiprime ideal, then a ∈ I or b ∈ I. Hence I is a completely prime ideal. Proposition 1.3. Let Q 1 , ..., Q n be completely nilary ideals of A such that Q s k ⊆ Q 1 ∩ · · · ∩ Q n for some fixed 1 ≤ k ≤ n and some positive integer s. Then Q 1 · · · Q n is a completely nilary ideal of A. Hence if Q is a completely nilary ideal of A, then so is Q n , and A/Q n is a nilary ring for each positive integer n. Proof. LetĀ = A/K, (i) Since I = φ −1 (I ′ ) and φ is a surjective then φ(I) = φ(φ −1 (I ′ )) = I ′ implies that φ(I) = I ′ . Now, let a, b ∈ A with ab ∈ I then φ(ab) ∈ φ(I) = I ′ implies that φ(a)φ(b) ∈ I ′ and since I ′ is a completely nilary ideal of A/K then either φ(a)
Therefore I is completely nilary in A. A/I is a completely nilary ring and I is nil, then A is a completely nilary ring.
Proof. Let a, b ∈ A with ab = 0. Then ab ∈ I. Since A/I is a completely nilary ring, then I is a completely nilary ideal, by Proposition 1.4(iii). Hence a n ∈ I or b m ∈ I for some n, m ∈ N. Since I is nil, then a n and b m are nilpotent, implies that a and b are nilpotent. Hence A is a completely nilary ring. Proposition 1.9. If A is a commutative ring, then A is a p-nilary ring if and only if it is a completely nilary ring.
Proof. (⇒) Suppose
A is a p-nilary ring and that a, b ∈ A with ab = 0. Since A is commutative we get a b = ab = 0 and since A is a p-nilary ring so we get a is nilpotent or b is nilpotent. If a is nilpotent then a n = 0 for some n ∈ N, so a n ∈ a n = 0, that means a is nilpotent and if b is nilpotent by the same argument we get b is nilpotent and thus A is a completely nilary ring. Corollary 1.10. Let A be a ring and I is an ideal of A. If A/I is commutative then I is a p-nilary ideal if and only if I is a completely nilary ideal.
Proof. By Proposition 1.4(ii), then I is a p-nilary ideal, iff A/I is a p-nilary ring. By Proposition 1.9, A/I is a p-nilary ring iff A/I is a completely nilary ring. By Proposition 1.4(iii), A/I is a completely nilary ring iff I is a completely nilary ideal.
Proposition 1.11. Let A be a ring. If A is a completely nilary ring in which all nil ideals are nilpotent then it is a nilary ring.
Proof. Let I and J be two ideals of A with IJ = 0 and suppose that I is not nilpotent, so by the hypothesis I is not nil which implies that I contains an element a which is not nilpotent. Now, if b ∈ J is any element, then ab ∈ IJ = 0, so that ab = 0 and as A is a completely nilary ring and a is not nilpotent we must have b is nilpotent. That means every element of J is nilpotent and so J is a nil ideal and hence it is a nilpotent ideal so that A is a nilary ring.
Since a nil left (resp. a nil right) ideal of a left (resp. right) Noetherian ring is nilpotent and also a nil left (resp. a nil right) ideal of a left (resp. right) Artinian ring is nilpotent [?] , so by combining these facts with Proposition 1.11 we can give the following corollary. Corollary 1.12. Let A be a ring. If A is a completely nilary ring and satisfies any one of the following conditions then it is a nilary ring.
(1) A is a left (resp. a right) Artinian.
(2) A is a left (resp. a right) Noetherian. Corollary 1.13. Let A be a ring. If A is a p-nilary ring and satisfies any one of the following conditions then it is a nilary ring.
(1) A is a left (resp. a right) Noetherian. (2), (2) gives that A is a nilary ring and hence any one of the above conditions gives that A is a nilary ring.
Corollary 1.14. Let A be a ring with unity. If A is a completely nilary ring then either char(A) = 0 or char(A) = p β for some positive integer β, and p is prime.
WEAKLY NILARY
In this section we introduce a new class of rings, called weakly (p-)nilary ideal.
Definition 2.1. Let A be a ring and let I be a proper ideal of A. We say that the ideal I is a weakly (p-)nilary ideal if whenever J and K are (principal) ideals of A with 0 = JK ⊆ I, then either J m ⊆ I or K n ⊆ I for some positive integers m and n depending on J and K.
Clearly every (p-)nilary ideal is a weakly (p-)nilary ideal. But the converse is not true, as the following example tell us.
Example 2.2. Let A = Z 6 and I = {0} A. Note that I is weakly nilary but it is not nilary. Proposition 2.3. Let I an ideal of A. Then: If A is a (p-)nilary ring and I is a weakly (p-)nilary ideal of A then I is a (p-)nilary ideal of A.
Proof. Let J, K A, with JK ⊆ I. Now we have two cases.
Case 1: If JK = 0. Since I is a weakly (p-)nilary ideal of A then J n ⊆ I or K m ⊆ I for some positive integers m and n, this implies that I is nilary.
